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Abstract

We present a generalization of the Dirac structure in the direction of the Nambu—
Poisson structure. Itis shown that with every integrable Nambu—Dirac structure
there is associated a Leibniz algebroid, which yields a singular foliation
endowed with a closed form. The examples of Nambu-Dirac manifolds are
Dirac manifolds, Nambu—Poisson manifolds and manifolds with closed forms.
A different Leibniz algebroid structure associated with a Nambu—Poisson
structure is adopted for this generalization.

PACS numbers: 02.40.Ma, 45.20.Jj

Mathematics Subject Classification: 53C15, 70H45

1. Introduction

A Dirac structure is the notion introduced by Courant and Weinstein [4] and studied by
Courant [2], in order to give a unified description of the geometry based on Hamiltonian
vector fields. The name ‘Dirac’ derives from the fact that it is a generalization of the Dirac
bracket discovered by Dirac in his theory of constraints, which is an induced Poisson bracket on
a second-class constrained submanifold of a phase space endowed with a singular Lagrangian
function. A Dirac structure on a manifold P is defined as a subbundle of 7P & T* P which
is maximally isotropic with respect to the bilinear form ((X, w), (¥, u))+ = %(w(Y) + (X))
and whose sections are closed under the skew-symmetric bracket

(X, @), (Y, )] = ([X, Y], Lxp — Lyw +d(@(Y))).

The basic examples of Dirac manifolds are Poisson manifolds and presymplectic manifolds
(i.e. manifolds endowed with closed two-forms). With the above bracket, a Dirac structure
is naturally a Lie algebroid, whose anchor map is the projection to the first component. As a
result, it gives a singular foliation of P (in the sense of Stefan and Sussman). Each leaf of the
foliation has a induced presymplectic form. On a Poisson manifold, the induced foliation and
form is just the leafwise symplectic foliation, and the Lie algebroid structure is isomorphic to
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that on the cotangent bundle induced from the Poisson structure. It has been shown that the
level surface Q = J~'(u) of an equivariant momentum map J on a Poisson manifold P has
a Dirac structure whose leaves are the intersection of Q with leaves of P.

The Nambu—Poisson structure was introduced by Takhtajan [18] to formalize the bracket
proposed by Nambu [16] and was investigated by many authors [6,8,14,15]. A Nambu—Poisson
manifold of order p is a manifold endowed with a p-vector fields satisfying

Lx, , TI=0

1--fp—1

where X . r_, = T(df1,...,df,-1) is a Hamiltonian vector field for functions
fi, ..., fp—1. An equivalent condition is given for all (p — 1)-forms in section 2. The

Poisson structure is considered as the Nambu—Poisson structure of order 2. Recently, in [10]
the authors proved that the bundle of (p — 1)-forms on a Nambu—Poisson manifold (P, IT)
has an induced Leibniz algebroid structure, a non-commutative variation of the Lie algebroid,
with an anchor map IT: A” ~!'T*P — T P and the bracket

[, Bl = LnwB + (=1)" (I(dw)) B;

the notion of Leibniz algebra was introduced by Loday [13] as a vector space endowed with a
bilinear bracket satisfying the Leibniz identity

[ai, [az, a3]] = [[a1, a2]l, a3]l + a2, [a1, a3 11

A Leibniz algebroid is defined as a vector bundle with certain additional conditions as in the
case of a Lie algebroid. Although this formally corresponds to the fact that the cotangent bundle
of a Poisson manifold has a Lie algebroid structure, it does not holds generally for p = 2.

In this paper, we extend the Dirac structure to higher order for a unified description of
the geometry based on a Leibniz algebroid, and elucidate its geometrical properties. The
key to extension is an alternative Leibniz algebroid structure on the bundle of (p — 1)-forms
on a Nambu—Poisson manifold, to which we refer through the Nambu-Dirac framework in
section 4. A Nambu-Dirac structure of order p is defined as a subbundle of TP & A\~ T*P
which satisfies some isotropy and integrability which agrees the definition of Dirac structure
for p = 2. It is shown that a Nambu-Dirac structure of order p forms a Leibniz algebroid and
yields a singular foliation endowed with a closed p-form. On a certain kind of Nambu—Dirac
manifold, functions transversal to the kernel of this form have a Nambu—Poisson bracket.
Considering that the Dirac structure has been dealt with in papers [3, 5, 11, 12], it would be
interesting to investigate the Nambu—Dirac structure further.

2. Preliminaries

First, we review Nambu—Poisson manifolds, Leibniz algebroids and Dirac manifolds. We also
give an equivalent definition of Nambu—Poisson structure which is applicable to all forms, not
only exterior products of exact 1-forms.

2.1. Nambu—Poisson manifolds

Let P be an n-dimensional smooth manifold. A Nambu—Poisson bracket of order p (p < n)
on P is a p-linear skew-symmetricmap { ...} : C®(P) x --- x C®(P) — C*(P) satisfying

(i) (Leibniz rule)

{fioooos fo-t @18 ={f1, .-, fo-t. 81}&2+ &l f1s s -1, 82}
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(i1) (Fundamental identity)
P
{flv "'7fp719{g17"'ﬂg17}} = Z{glv --~7{f15 "'7f[9717gi}5 "'7gp}
i=l1

for fl, ey fpfl, 81,---,8p € COO(P)
It follows that a Nambu—Poisson bracket { ... } is equivalently defined by a p-vector I1
satisfying

Ly, , =0 (1)

~fp—1
where I1(df,...,df,) = {fi,..., fp} for fi,..., f, € C*(P). The pair (P, IT) is called
a Nambu—Poisson manifold of order p, and IT is called a Nambu—Poisson structure on P.
Poisson manifolds are just Nambu—Poisson manifolds of order 2.
A point x of a Nambu—Poisson manifold (P, IT) is said to be regular if I1(x) 5% 0. The
following theorem states that a Nambu—Poisson structure of order p > 3 is isomorphic to the
standard structure locally around a regular point.

Theorem 2.1 ([6,8,15]). Let P be an n-dimensional smooth manifold and T1 a p-vector,
p = 3. Then Tl defines a Nambu—Poisson structure on P if and only if for any regular point

X € P, there exists a system of local coordinates (xy, ..., x,) such that
d d
MM=—A---A—.
dxq 0x,

On a Nambu—Poisson manifold (P, IT) of order p > 3, the characteristic distribution D
given by D(x) = (A"~ ! T} P) is completely integrable, thus it defines a singular foliation
in the sense of Sussmann [17]. At a regular point x, the leaf through x is a p-dimensional
manifold and the induced structure comes from a volume form. At a point where I1 vanishes,
the leaf is the point itself and the induced structure is trivial.

The following theorem gives an equivalent condition which is applicable to all forms, not
only exterior products of exact one-forms.

Theorem 2.2. A p-vector I1 becomes a Nambu—Poisson structure of order p if
LI = (=D (IT(da)) I 2
for any (p — 1)-form a. Conversely, a Nambu—Poisson structure of order p which we assume

to be decomposable when p = 2 satisfies the condition above.

Proof. Suppose that IT satisfies the condition (1). At aregular point, since IT is decomposable,
we have
LT = Lyx, , 1
=8Lx, ,, 1= Xp. 5, AN11(dg)
= (=DP(IIdg Adfi N~ Ndfp_1) TT
= (=D)P(I1(d(ga))) I

forany o = dfi A--- Adf,—1 and function g. At a point where IT = 0, by a computation
similar to that above we have LpaIl = gﬁx e 1'[ Xf...f,oo A Tl(dg) = 0O for any
a=dfiN---ANdf,_1 and g, and s1mu1taneously (—l)p(l'l(doz)) ImT=0. ]

Corollary 2.3. A p-vector I1 becomes a Nambu—Poisson structure of order p if and only if
1
LIl =(—17? ((H(do()) m——{TIA H)(doz))
p

for any (p — 1)-form a.
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Proof. For p = 2, this holds since 2[T1(«), IT] = 2(IT(dw)) [T — (IT A IT)(d). For p > 3,
it follows from the decomposability of IT. |

The condition (2) is more easily dealt with than (1). For example:
Proposition 2.4. A p-vector 11 satisfying (2) is decomposable around a regular point.
Proof. We do this by induction: suppose p = 2 and
a a

Im= ; Cij o A B_x,
locally. We may assume ¢y, # 0. Since

LIl = LIl — I(a) ATI(AS)

= (=D? f(I1(de)) IT — T () A TI(dS) 3)

for any (p — 1)-form « and function f, we have

(=DPcia T = Lixaxy [T = T(dx1) A T(dx2).
Now consider the case p > 3. We may take a function f and a closed (p — 1)-form « such
that IT(df A o) # 0. Then, again by (3), we have

(=DPIdf Aa) T = Ln(fa

= —TII(a) A TI(df).

It is easily checked that the (p — 1)-vector [1(df) satisfies (2), thus IT is decomposable.

2.2. Leibniz algebroids
A Leibniz algebra is a vector space V endowed with a bilinear map [,]] : V xV — V
satisfying the Leibniz identity

[ai, [az, a3l = [llai, a2l a3l + [az, [a1, a3

for ay, ay, a3 € V. The map [[, ] is called the Leibniz bracket or the Leibniz algebra structure
on V. Note that if [, ] is skew symmetric, then the Leibniz identity is the Jacobi identity and
(V, I 1) is a Lie algebra.

The Leibniz algebroid is defined in the same way by generalizing the notion of the Lie
algebroid.

Definition 2.5 ([10]). The Leibniz algebroid is a smooth vector bundle I1 : A — P with a
Leibniz algebra structure [[, ]| on T'(A) and a bundle map p : A — T P, called an anchor,
such that the induced map p : T'(A) — T'(T P) satisfies the following properties:

(i) (Leibniz algebra homomorphism)
p(lx, yID =[p (x), p (¥)]
(ii) (derivation law)
[x, fyl = (o N f)y+ flx, yl
forallx,y € T'(A) and f € C*®(P).
As in the case of a Lie algebroid, a Leibniz algebroid generates a singular foliation.

Theorem 2.6. Let (A, [[, I, p) be a Leibniz algebroid over P. Then p (A) is a integrable
distribution.
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Proof. Let ey, ..., e, be the local basis of I'(A). Then we have
[ei,e;l = Zcfjek
k=1
for some cffj € C*°(P). Since p (e1), ..., p (e,) is a local generator of p (A), it follows that

[p(e). p ()] = p (lei e;) = D ckip (ex).
k=1
Therefore, p (A) satisfies the integrability condition of Sussmann [17]. O

For any Poisson manifold (P, ), the cotangent bundle 7* P has the Lie algebroid structure
whose anchor is the Poisson bundle map = : T*P — T P and whose bracket is given by

la, Bl = La)B — Lot —d(n (e, B)) “

(see [19]). Similarly, a Nambu—Poisson manifold of order p > 3 has an associated Leibniz
algebroid.

Theorem 2.7 ([10]). Let (P, I1) be a Nambu—Poisson manifold of order p for whichwe assume
IT is decomposable when p = 2. Then the triple (/\p_l T*P, [, 1, 1) is a Leibniz algebroid
over P, where T1 : /\p_1 T*P — T P and the bracket [, ] is defined by

[o, Bl = LnwB + (=17 (TI(da)) B ©)
fora, B e T(N"' T*P).

Proof. As this is proved in [10], we give a computational proof using (2). It is easy to see

that [T([[e, BI) = [[1(«), [1(B)] and [«, fB] = ((I1(x)) f) B + f [ler, B]. Now we prove the
Leibniz identity. We calculate
e, [B, v = L (Lngyy + (—DP(I1B)) v)
+(=DP(I(da)) (Lngy + (=DP(T1EB)) v)
= LnwLugy + (D (Lnw(T1@))) y + (=D (I1(P)) Ln@w)y
+(=DP(Ida)) Lngy + ((da))(T1(dB)) y
[l A1, v = Line.ngny
+(=DP(II(Lnwdp)) y + Id(I1(da)) A B) y + (T1(de))(TT(dB))y
= Lin@.ney
+(=DP(IM(Lnwdp)) y — (=D (Lnp)(I(dw))) y + (I1(de))(T1(dB))y
= Lin@.ngny + (=D (L (I1@B)) ¥y — (=D’ (Lnep) (M(dw))) ¥
08, [, Y1 = Lu Ly + (=D (Lng T1(da))) y + (=17 (I(da)) Lrp) Y
+(=DP(ITdP)) Ln@wy + (I(dB))(I1(d)) y.

Thus we have [[«, [8, ¥ 11 = [llo, B1, y1 + 1B, [a, y11. U

Note that (5) does not holds generally for p = 2, that is, Poisson manifolds. In fact, for
decomposable Poisson structures, (5) equals (4).

The converse of the theorem above also holds. Indeed, since the anchor is a Leibniz
algebra homomorphism, we deduce that IT satisfies the condition (2).
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2.3. Dirac manifolds

We mainly summarize basic definitions and properties of Dirac manifolds investigated by
Courant [2].

Let V be an n-dimensional vector space. We may define the nondegenerate bilinear forms
called the plus pairingon V @ V* by

(X, @), (Y, 1))+ = 5(@(Y) + 1(X))

where (X, w), (Y, u) € V & V*. A Dirac structure on V is a subspace L of V & V* which is
maximally isotropic under the plus pairing (, ).. From the definition, it follows thatdim L = n.

Definition 2.8. Let P be a smooth manifold. A smooth subbundle L C TP @ T*P is called
an almost Dirac structure on P if the fibre of L is maximally isotropic under the plus pairing
(, Y+ at each point.

We denote the projection from TP @& T* P onto the first component by p, and that onto
the second component by p’. Moreover, we consider L N T P as a subset of either L or T P as
the case may be; similarly for L N 7*P. In this notation, we have

kerply =LNT*P
kerp’|y =LNTP.

We also consider T P and T* P as subbundles of TP @ T* P as the case may be.
An almost Dirac structure has the following properties:

Proposition 2.9.
Amp(L)=LNT*P
Annp'(L)=LNTP.

Here Ann p (L) is the annihilator of p (L) with respect to the natural pairing between T P and
T*P.

These are called the characteristic equations of L.

Proposition 2.10. An almost Dirac structure L on P induces a linear map Q : p (L) A
p (L) — R defined by

QX,Y) =) =—uX)
forany (X, w), (Y, n) € L.

The integrability condition of Dirac structures is given as follows: L is called a Dirac
structure on P and (P, L) is said to be a Dirac manifold when I'(L) is closed under the
skew-symmetric bracket

le,e'l = ([X, Y], Lxp — Lyo+d(w(Y))) (6)
where e = (X, w), ¢ = (Y, n). The three-tensor 7, on L defined by

Tie®e ®e") = (le, €], ")
vanishes if and only if L is integrable.

Proposition 2.11. L is integrable if and only if (L, [, 1, p|L) is a Lie algebroid.

Therefore, if L is integrable then p (L) generates a singular foliation. Moreover, by
proposition 2.10, there is a two-form 2 on each leaf of the foliation. A direct computation
shows that it is closed on each leaf. Thus we have:
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Theorem 2.12. A Dirac manifold has a singular foliation by presymplectic leaves.

Example 2.13.

(i) Let (P, 2) be a presymplectic manifold, that is, 2 is a closed two-form on P. Then the
graph of Q : TP — T*P is a Dirac structure on P. It yields the foliation by one leaf
which is P itself, and the two-form of proposition 2.9 is 2.

(ii) Let (P, ) be a Poisson manifold. Then the graph of # : T*P — T P is a Dirac structure
on P. The induced two-form is dual to 7r on leaves, that is, we obtain the leafwise
symplectic foliation. The associated Lie algebroid structure on the cotangent bundle is
isomorphic to that on the Dirac structure.

(iii) Consider the singular Poisson structure on R? given by

1
{xty}227 {X,Z}ZO, {y,Z}=O

which appears in the problem of guiding centre motion in the plane. We may rewrite this
Poisson structure as the Dirac structure on R? spanned by

a a
5 d i P d ) Osd
< arC y) <8y z x) 0,dz)

which has no singularity. Its leaves are the planes z = constant and the induced two-forms
are given by Q@ = zdx Ady.

(iv) Let (P, A, E) be a Jacobi manifold, that is, A be a bivector field and E be a vector field
suchthat[A, A] =2EAAand[E, A] = 0. Denote by X,, the Hamiltonian vector field of
u € C®(P), thatis, X, = A(du) + uE. Around a point where E # 0, a Jacobi structure
is locally a Dirac structure spanned by

(Xu| ) dul)a ey (Xu,,,l ) dun—l)» (Ev 0)
where uy, ..., u,—; € C*®°(P) such thatdu,, ..., du,_| spans Ann E.
The maximality for the isotropy is not necessarily needed to yield a presymplectic foliation;
we shall discuss this in the framework of Nambu—Dirac structures in the next section.
The Dirac manifold is suitable for the description of a dynamical system with constraints.
It is known that an almost symplectic manifold (P, €2) endowed with a regular foliation such

that the pull-back of 2 to each leaf is symplectic has an induced Poisson structure, whose
bracket is called the Dirac bracket. The following theorem is its generalization.

Theorem 2.14. Let P be a manifold endowed with a two-form Q and a regular foliation S
such that the pull-back Q' of Q2 to each leaf is closed on it. Then S induces a Dirac structure
on P.

Proof. Let
L={X,0) eTP®T*P|X € Sand w|g = Q'(X)}.
It follows that (L, L), = 0 and
dim L, = dim p (L), +dimker p (L),
=dim S, +dim(L N T*P),
=dim S, + dim Ann S,
=n

for any x € P. The smoothness of L follows from the regularity of S. The integrability holds
since 2 is closed. ]
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We remark that, as in the case of Poisson manifolds, a singular foliation endowed with a
closed two-form does not always yield a Dirac structure.

Now let us consider a dynamical system with constraints on some phase space. Generally,
a submanifold of a symplectic manifold is presymplectic. Thus if considered constraints on
the phase space give a regular foliation, which always holds locally, then it induces a Dirac
structure on the phase space by the theorem above, and it determines equations of motion under
the constraints. We obtain the Dirac bracket when constraints are all second class. See [7]
for how presymplectic structures on a constraint submanifold describe the Dirac theory of
constraints.

3. Nambu-Dirac manifolds

3.1. Almost Nambu—Dirac structures

Let P be an n-dimensional smooth manifold. We put 7; = TP & A\’ - TP, T, =
AN 'TP@T*P where2 < p <nand N = dim7;(x) = dim 7, (x) where x € P. We
have two natural pairings between 7; and 7,_, namely, bilinear maps from 7; x 7,_; to R
defined by

(X, w), (Y, ) = 3 + (=)’ (X))

(X, w), (Y, )- = 3(@(¥) = (=1 u(X))
for all (X, w) € 7y, (Y, ) € T,—;. Let us denote both projections from 7, 7,_; onto the
first components by the same letter p, and those onto the second components by p’.

Definition 3.1. A smooth subbundle L C 7T, is said to be an almost Nambu—Dirac structure
of order p on P if

(w(X) + w/(X))|/\1172p(L) =0 (7
forany (X, w), (X',w') € L and

p—1

N\ p @ =p@h) @)

where Lt denotes the annihilator of L with respect to the plus pairing {, ).

The condition (7) is equivalent to the requirement that (X A Z, w(Z)) € L' for any
(X,w) € Land Z € A\’ p(L). Note that this implies A\”' p (L) C p (L*). We also
remark dim L(x) + dim L' (x) = N where x € P.

By definition, it follows that

p—1
kerp|lp = LN T*P kerpl,. = L*NT*P
p—1
kerp/|L =LNTP kerp/|p =L \ TP.

Note that we consider L N T P as a subset of either L or T P as the case may be; similarly for
LN /\”71 T*P,L-NT*Pand L+ N /\p71 T P. We also consider 77, 7,_; as subbundles of
T, ® T, as the case may be.

Example 3.2.
(i) Let P be a manifold and 2 a closed p-form on P. Consider the graph of Q : TP —
/\P—] T*P
L={X,Q2X)eT|X eTP}.
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Then we have

-1
Lt = {(Y, QY)) €T, |Y € ,,/\ TP]

and it follows that L is an almost Nambu-Dirac structure of order p. Conversely, if an
almost Nambu—Dirac structure on P is given by the graphofamap A : TP — A’ 1P,
then a p-form Q2 is defined by Q(X AY) = A(X,Y).

(ii) Let (P, IT) be a Nambu—Poisson manifold of order p > 3. Consider the graph of IT

p—1
L= {(l'[(w),w) eTilwe /\ T*P}.

We see that L is an almost Nambu-Dirac structure of order p. Indeed, let X4, ..., X,
be the vector fields which span TP and IT = X; A --- X, locally. Then we deduce

w(l'[(w’)/\XU)+w/(H(w)AXij) :0f0ranyX,j =X /\"'X,""Xj"-/\Xp. As
p (L) is spanned by X1, ..., X,, we have (7) of definition 3.1. Furthermore, since

L' ={(I(w), u) € Ty—i | € T*P}

and IT is decomposable, the condition (8) of definition 3.1 holds.

Conversely, if an almost Nambu-Dirac structure on P is given by the graph of a map
B : /\”_' T*P — TP, a p-vector Il is defined by I1(w, u) = B(w, u). Moreover,
since L™ is equal to the graph of (—1)?~! B*, by (8) we obtain rank B = p, that is, IT is
decomposable.

(iii)) Any Dirac structure is an almost Nambu-Dirac structure of order 2. Conversely, suppose
that (P, L) is an almost Nambu—Dirac structure of order 2. The condition (7) is equivalent
to the requirement that L is isotropic under (, ),. Assume L C L*. Foranyw € L*NT*P
we have

((0,w), L*)s = (wlp (LY)) = (wlp (L)) = (L, (0, »))+ =0

thuswehave L: N T*P c LNT*P. Thisand L C L*implythat LN T*P = L-NT*P.
Therefore,

dim L = dim p (L) + dim ker p|,
=dim p (L*) + dimker p|, .
=dimL"*
and it follows that dim L = n. Thus L is a Dirac structure on P.
In the above examples, there are the integrability conditions, namely, the Jacobi identity,
the fundamental identity and the vanishing of the integrability tensor. We shall consider the

integrability condition of an almost Nambu—Dirac structure later.
Proposition 2.9 is generalized as follows:

Proposition 3.3. The following equations hold.

p—1
Annp(LH:Lﬁ/\T*P Amnp(L)=L*NT*P 9)

p—1
Amp/ (LY =LNTP Amnp' (L) = Lt N /\ TP. (10)
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Proof. We prove (10). Since (o/(LY)|L N TP) = (LNTP,LY), = 0, we have
p'(LY) € Ann(L N TP). Similarly, we have p'(L) € Ann(L+ N A"~ T*P). Thus at
each point it follows that

dim L — dimker p’'|;, = dimp'(L)

p—1
< dim Ann(LL nA T*P)
p—1
=dim /\ T*P — dimker p/| .+
dim L+ — dimker p/|,. = dim p/(L})

< dimAnn (LN T*P)

=dimT*P — dimker p'|.
The sum of the leftmost sides of the two inequalities is equal to that of their rightmost sides of
them. Thus we have the equations (10). In the same way, we obtain the equations (9). O

We call (9) and (10) the characteristic equations of L. Since the:se equations hold, we
can obtain a linear map Q : A” p (L) — R as follows: define Q : p(L) — p(L1)*

and Q : p(LY) — p(L)* by Qp(e) = p'(en)lpws) and Qp (ep-1)) = p'(ep-Dlp)
respectively; if e;, ¢] € L satisfies p (¢;) = p (¢}), then e; — ¢] € kerp|;, = Annp (Lh),
and accordingly p’(e; —€))|, 1) =0, vi/hich means that € is well defined. We may ~consider
Q:p(L)xp (L) — R. Similarly for Q. Clearly it holds that Q(X, Y) = (—1)?~'Q(Y, X)
for X € p(L),Y € p (LY). Furthermore,

SX,XAZ)=w(X' AZ) = —w (XA Z)=—-QX, X A Z)
for any (X, w), (X',w') € Land Z € /\p*2 p (L). Hence we obtain Q : A p (L) — R by

QX AY)=QX,Y).
Thus we obtain the following:

Proposition 3.4. Analmost Nambu—Dirac structure L induces alinearmap 2 : A\” p (L) — R.

In fact, in the whole discussion above, the condition (8) is not necessarily needed. Indeed,
since A”' p(L) C p (L), we obtain Q : A” p (L) — R by restricting Q to A” p (L).
We call such a structure L an almost generalized Nambu—Dirac structure. Every isotropic
subbundle of TP @ T* P is an almost generalized Nambu—Dirac structure of order 2, and vice
versa.

The following proposition does not hold for generalized Nambu-Dirac structures in
general.

Proposition 3.5. Let L be an almost Nambu—Dirac structure of order p and consider

kerQ={X € p(L)|Q(X) =0}
p—1
ker, | Q = {Y € /\,o(L) Q) = 0}.

Then it follows that ker @ = LN TP and ker,_, @ = LN A\""' TP,

Proof. Since p'(L N TP) = 0, we have L N TP C ker Q2. Conversely, take e; € L
such that Q(p (e;)) = 0. Since p (e))lywty = p'(e)lpwty = 0, we have ker Q C
Amnp’'(LY) = L N TP. Thus we have ker @ = L N TP. In the same way, we have
ker, 1 Q=L'NA’'TP. 0
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Example 3.6. Let L be a generalized Nambu—Dirac structure of order 3 on R? spanned at each

point by
a
(—, dx, A dX3)
8x1

where (xi, xp, x3) are the standard coordinates. Since p (L) is spanned by d/dx; and the
induced structure Q = 0, we deduce ker Q ## 0, while L N TP = 0. Similarly, since L~ is
spanned by

0 0 0 0 0 0

<_/\_ad-xl ) <_/\_70 ) _/\_»O ) (07 de)s (Oa d-x3)
dx;  0x3 dx;  Oxp dx3  0Xxy

we also obtain ker, Q2 # L* N A" TP.

However, generalized Nambu—Dirac structures also have some of the geometric properties
which Nambu—Dirac structures do.

3.2. Integrability of Nambu—Dirac structures

We define a bilinear bracket on sections of 7 by

e, 'l = ([X, Y], Lxp — ty dw) (11)
fore = (X,w), e = (Y, n) € I'(TY).
Definition 3.7. Let L C 71, be an almost Nambu—Dirac structure of order p. L is called a

Nambu—Dirac structure, or an integrable Nambu—Dirac bundle, if I'(L) is closed under the
bracket [, . We call (P, L) a Nambu—Dirac manifold of order p.

Note that Lxpu — tydw = Lxp — Lyw + d(w(Y)), thus this is a natural generalization
of (6). As in the Dirac case, we shall introduce the integrability tensor of L.

Definition 3.8. Let L C 7 be an almost Nambu—Dirac structure of order p. We define
T, LQL®L"— Rby

Tr(e. €' e") = ([e, €T, e")s
where e, ¢ € T'(L) and ¢’ € T'(LY).

We shall check that T} is a tensor. For any ¢ = (X, w), ¢’ = (Y, u) € T'(L), ¢’ € T'(LY)
and f € C*°(P), it follows that

(le, fe'll, ") = (([X, fY], Lx(fp) —tyydw), € ),

((XHY + fIX. Y], Xp+ fLxp— frydw), "),

((XOY, (XHp), €' )+ f(lle, e, e")s

f(le. e, e")s

([fe. el e = (([fX. Y], Lixpp—tyd(fw)), )4

le, el e").

(—(YP)X, df A p(X) — (Yw+df Aw()), ),

le. el e")e — (Y e, )+ ((0, df A (u(X)+w(Y))), ")y

le, e, ).

VS
+
= f{
VA

Therefore,
Ti(e, fe',e") =Ti(e, e, fe') = fTr(e, e, e").

Obviously T (e, €, fe") = fTr(e, €, e”), thus Ty is a three-tensor.
In the computation above we have shown:
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Proposition 3.9. Fore = (X,w),e = (Y, u) € I'(L) and f € C*®(P),
e, fe'l = flle.eD+((p(e))f)e
[fe. el = flle,el—(Yf)e+(0, df A(u(X)+w(Y))).
We call T;, the integrability tensor of L since:
Proposition 3.10. L is a Nambu—Dirac structure if and only if T, = 0.
Proof. This follows from the definition of 77} . O

Now we shall see that a Nambu—Dirac structure has an associated Leibniz algebroid, as a
Dirac structure has an associated Lie algebroid.

Theorem 3.11. An almost Nambu—Dirac structure L is integrable if and only if (L, [, 1, plr)
is a Leibniz algebroid.

Proof. As we have already shown in proposition 3.9 that the bracket [, ]| has the derivation
property, the assertion holds only if L satisfies the Leibniz identity. Since

o'(le, [e', e"1) = Lx(Ly¢ — tzdp) =y, z1dw
=LxLyC — (Lxdp)(Z) —dp(LxZ) —dw(LyZ)
o'(Ile, €T, "M = Lix.y1¢ — tzd(Lxp — ty dw)
= Lixy¢ — (Lxdp)(Z) + (Ly dw)(Z)
p'(l€, [e. e"1) = LyLx¢ — (Ly dw)(Z) — dw(LyZ) —dp(Lx Z)
fore = (X,w), e’ = Y, u),e" =(Z,¢) € I'(L), we have
p'([e. €', "I = p'([lle, €'l ") + o' (L€', e, "TTD).

It is obvious that

p(lle, e, "1 = p(llle, €1, ") + p(lle’, Te, e"T).
Therefore, the Leibniz identity holds. U
By theorem 2.6, we have a singular foliation of a Nambu-Dirac manifold (P, L). In
addition, the leaves are endowed with a p-form Q2 by proposition 3.4. Let us examine this
induced structure on leaves.
Lemma3.12. Let ¢, : L & L+ — T, & T,_, be the inclusion and p;, : L & L+ —
TP ® /\p_1 T P be the projection. Then it follows that ,ozfl =)o)

Proof. p:Q(e,e,_1) = QX,Y) = (e, e,-1)- = ti({e1,e,_1)_) forany e; = (X, w) €
Lej=(Y,pn) el O

This lemma ensures that 2 is smooth. Now we compute d2. Suppose that e; =
(X,w),ef = X,p) e Lande,_| = (Z,0) € Lt sothat Z e /\pfl,o(L). Considering
T, Tp-1 CTi ®T)—1, we have
prdSQ(er, ey, ep_1) =dQUX, Y, Z)

= (xdQ)Y, 2)

=LxY,Z)—dw(, Z)

= X(Q, 2)) — QLxY, Z) — QY, LxZ) — dw(Y, Z)

= 2([er, €1, ep—1)+- (12)

Therefore, dS2 is closed if and only if 7} vanishes. Thus we have shown:
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Theorem 3.13. A Nambu—Dirac manifold has a singular foliation whose leaves are endowed
with a closed p-form.

Note that on a leaf whose dimension is less than p, the induced structure is automatically
trivial. We also remark that (integrable) generalized Nambu-Dirac structures are defined in
the same way and they also have foliations endowed with closed forms.

As theorem 2.14, we have the following:

Theorem 3.14. Let P be a manifold endowed with a p-form Q2 and a regular foliation S such
that the pull-back Q' of Q to each leaf is closed on it. Then S induces a Nambu—Dirac structure
on P.

Proof. Let

L={X,w)eTi|X € Sand w|g = Q' (X)}.
As in the Dirac case, it is proved that L is a Nambu—Dirac structure on P. |

In fact, if and only if L is integrable, L @ L+ has a Leibniz algebroid structure whose

anchor is the projection to 7 P and whose bracket is

{e, e} = (X, Y], Lxp — tydw), (X, Y], Lxp — 1y dw))
for any e = (X, w), (X, w)), € = (¥, w), (Y, ) € L @ L*. Indeed, the derivation law
and the Leibniz identity hold as well as L. The closedness under the bracket holds because
under the notation e = (ej,e,—1) € L @ Lt it follows that {e, €'}, = [e, e, 1 and, by the
equation (12),

2ller. efll. € _y)+ =dQUX, Y, Z)
= (=D"(LyQ)(Z. X) — (=D"du(Z, X)
=(=D"Y(QZ, X)) — (D" QUZ, LyX) + (X, Ly Z)
—(=D"du(Z. X)
= (=D"Y (X)) = (=D Ly X) + w(Ly Z) — (=D (tzdpm)(X)
= (=D" Lyt —1zdp)(X) + w(Ly Z)
=2er. {e/, "} p-1)+

forany e = (X, w), (X, ), € = (Y, p), (Y, ), € =(Z,{),(Z,¢)) € L& L*. Note
that this induces the same foliation and structure on leaves as L does.

3.3. Infinitesimal Nambu—Dirac automorphisms

Let (P, L) be a Nambu—Dirac manifold of order p and (X, w), (Y, ) € I'(L). We define
Lx(Y,pu) = (LxY, Lxp). Since

[(X,w), ¥, Wl =UX,Y] Lxp — ty dw)

=Lx(¥, p) — 0,1y dw)
we have
(Lx(Y, ), (Z,8))+ = ([(X,w), ¥, W, (Z,5))+ +{(0, ty dw), (Z, )+
=1dw(Y, Z)
forany (Z,¢) € ['(L1Y). Therefore, Ly L C L if and only if dw|pr , 1) = 0.
Now we consider the invariance of the induced structure €2 on each leaf under flows.

Theorem 3.15. If (X, w) is a section of L, we have LxQ = dw|pr , (1)
Proof. Since 2 is closed on each leaf, we have LxQ = dix 2. O

Thus we deduce that Ly L C L if and only if Lx2 = 0.
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3.4. The admissible functions

A function f on a Dirac manifold (P, L) is said to be admissible if df is a section of p’(L).
The set of admissible functions Adm(P) naturally forms a Poisson algebra (see [2]).

Now we discuss the functions on a Nambu-Dirac manifold (P, L) of order p. We call L
a strong Nambu-Dirac structure when it holds that

(X () + Y @) o2 gy =0 (13)

forany (X, w), (Y, ) € L*. Clearly, as well as (7) this implies \” ™' p’(L*) C p’(L). Dirac
manifolds, Nambu—Poisson manifolds, multisymplectic manifolds of dimensional order and
manifolds endowed with decomposable closed p-forms are all strong Nambu—Dirac manifolds.
Note that (13) is independent of (8) for p > 3.

Example 3.16 (Generalized strong Nambu-Dirac structure). Let (x;, x», x3, x4) be stan-
dard coordinates on R*. The subbundle L C TR* @ /\3 T*R* spanned at each point by
a
(8—, 0) s (0, dxy ANdxz A d)C4) s (0, dx; ANdxz A d)C4) s (O, dx; ANdxy A d)C4)
X1
is a generalized strong Nambu-Dirac structure of order 4. Indeed, L+ is spanned by
a a d
— ANT—A PR 0 ) (07 dxz)a (05 dx3)7 (O’ d'x4)'
8)61 3)(2 3)63

A function f on a strong Nambu-Dirac manifold (P, L) is said to be admissible if df
is a section of p’(L*). We denote by Adm(P) the set of admissible functions on P. By an
argument similar to that in proposition 3.4, we have a linear map I : A’ p’(L) — R. Thus
we may define a skew p-bracket on Adm(P) by

{fioo oy =TIdfAL A - A dfy).

For fi, ..., fp € Adm(P), there exists a vector field X s, .y, and a (p — 1)-vector field X,
suchthatey r = (Xp..r_,dfi A---Adfy,—1)isasectionof L andey, = (X, dfp)isa
section of L. We remark that X f, f,—; and Xy are not uniquely determined in general.

Lemma 3.17. { ...} satisfies the derivation law.

Proof. For any g, h € Adm(P), take X,, X, € p (I'(L1)) and define X =g X +hX,.
Then we have (X, d(gh)) = ge), + hey € [(L1), which implies that gh is admissible. It is
obvious that

{fioooos fo-t, 80} ={f1,-.., -1, 8+ glf1, ..., fp—1, B}
forany fi,..., fp—1 € Adm(P). O

Lemma 3.18. { ...} satisfies the fundamental identity.

Proof. Let fi,..., fy—1,81, ..., &p—1, h be admissible functions on P and take ey, ., ,,
€g..gp1 € I'(L). Since

[[ef]---fp—l ’ egl---g/)—l]] = ([Xf1~~~fp—1 ’ Xglwgp—l]’ ‘CX/'I,._/]),I (dgl ARRRRAY dgl’—l))

and

P
Ly, , (g A Adgy 1) = D dgi A Ad{fio fpor G A Adgpo

i=l1
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we have

0= ([[6‘fl___fp,I ) eg,...gp,,]]’ en)s
= (Xp:dgl /\'-'/\d{f],...,fp_1,g,‘}/\"'/\dgp—l>(Xh)
i=1
+(_1)p [Xf]---fp—l’ Xgl---gp—l] h
-1
= (-r! pX:{gh o1 S &is s 8pe1, B
i=1

+ (_ 1)]7 [Xf]...f],,l ’ Xgl,,,gp,l] h'
This implies

p—1

[Xfl...fp,ly Xgl,..gpfl] h = Z{gh L) {fla D) fp—h gi}a <o 8p—1s h}

i=1

hence the fundamental identity holds. (|
Thus we have shown:

Theorem 3.19. The set of admissible functions Adm(P) on a strong Nambu—Dirac manifold
(P, L) naturally has a Nambu—Poisson bracket.

On a strong Nambu-Dirac manifold (P, L), flows along leaves which keep L invariant
are given by admissible functions, that is:

Theorem 3.20. Let (P, L) be a strong Nambu—Dirac manifold of order p. Then L is locally
invariant under Xy, . s, where f1, ..., fp_1 are admissible functions.

Proof. This follows from d(dfi A--- Adf,—1) = 0. a

Now, let us consider the characteristic distribution of the induced p-form €2 on each leaf
of P,thatis,kerQ=LNTP.

Theorem 3.21. Let (P, L) be a Nambu—Dirac manifold. If L N T P is a bundle, it generates
a regular foliation ®.

This theorem results from the following general lemma:

Lemma 3.22. Let M be a manifold and Q2 a closed p-form on M. If charQ = {X €
TM | Q(X) = 0} is a bundle, it is involutive.

This is a generalization of the Dirac case. On a Dirac manifold, in addition, P /® inherits
a Poisson structure naturally, which can be generalized to strong Nambu-Dirac manifolds:

Theorem 3.23. Let (P, L) be a strong Nambu—Dirac manifold and L N T P a bundle. Then
P/ ® inherits a Nambu—Poisson bracket from Adm(P).

Proof. We may regard functions on the manifold P/® as functions constant on @, that is, all
f € C>®(P) satisfying df |,nrp = 0. By the characteristic equation Ann p'(L*) = LN TP,
such functions are the admissible functions on P. O
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4. Applications

We give some examples obtained from multisymplectic, Nambu—Poisson and Nambu—Jacobi
structures. We also give an alternative Leibniz algebroid structure on the bundle of (p — 1)-
forms on a Nambu—Poisson manifold.

4.1. Nambu—Dirac structures induced from multisymplectic manifolds

A multisymplectic structure of order p on a manifold P, in the sense of [1], is a closed and
nondegenerate p-form, where a p-form < is said to be nondegenerate when Q : TP —
AN TP s injective. For p = 2, we rediscover a symplectic structure. It is obvious
that multisymplectic manifolds and submanifolds of them are Nambu—Dirac manifolds of
which foliations consist of one leaf. For example, quaternionic Kihler manifolds and their
submanifolds are Nambu-Dirac manifolds.

In [1], the authors shows that for an arbitrary manifold P, the bundle /\p “L7ep of
(p — 1)-forms has the canonical multisymplectic structure of order p locally represented by

Qcan = E dyil"'il7—l A\ dxil VANCIERIVAN dxl-pfl
1< < <ip1<n

where (x;, yi,..i,_,) are the local coordinates of ANe “Lrep. Therefore, a bundle of (p — 1)-
forms on an arbitrary manifold and its subbundles are all Nambu-Dirac manifolds of order p.
Furthermore, consider a bundle of (p — 1)-forms on a multisymplectic manifold (P, 2). The
imageof Q: TP — A’ ~! 7% P is endowed with a closed p-form as a Nambu-Dirac structure.
Thus we deduce that the tangent bundle of a multisymplectic manifold has a Nambu-Dirac
structure induced from 2.

Finally, we remark that a Nambu—Dirac manifold (P, L) satisfying L N TP = O has a
foliation by multisymplectic leaves. While the induced leaves of a Nambu—Poisson structure
have symplectic forms or volume forms, both of which are examples of multisymplectic
structure, this gives a more general kind of leafwise multisymplectic foliation.

4.2. Nambu—Poisson manifolds and associated Leibniz algebroids

Now we shall discuss the Nambu—Dirac structures of Nambu—Poisson manifolds. Let (P, IT)
be a Nambu—Poisson manifold of order p and L its Nambu-Dirac structure; in example 3.2 (ii)
we see that L is defined by the graph of TT : A" “'T*P - TP, whose integrability follows
from the fundamental identity via a computation using lemma 3.18. For p > 3, it follows
from proposition 3.3 and theorem 2.1 that

dimp (L) =dim T P — dim Ann p (L)
=n—dim(L* N T*P)
=n — dim ker I'1
[ @m0
0 (IT(x) =0)
at each point x € P. Therefore, a leaf through a regular point is a p-dimensional submanifold
endowed with the induced volume form €2, whereas at a singular point the leaf is the point
itself and the induced structure is trivial. Namely, we rediscover the induced foliation of a

Nambu—Poisson manifold. For p = 2, the graph becomes a Dirac structure and we obtain the
usual leafwise symplectic foliation of a Poisson manifold.
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The pull-back of the Leibniz algebroid structure on L by the isomorphism (p'|;)~" gives
A?~' T*P a Leibniz algebroid structure, whose anchor is I1: A”~' T*P — T P and whose
bracket is

e, Bl = LB — trnp) det. (14)
This Leibniz algebroid structure disagrees with that given by theorem 2.7 since the Leibniz
algebra structures (14) and (5) are different. The former is a natural generalization of Lie
algebroid structures associated with Poisson manifolds, because (4) may be written in this
form. It includes the case p = 2 naturally, while the latter does only if the Poisson structure
is decomposable. In addition to the decomposable Poisson case, the two structures coincide if
I is originates from a volume form. We also deduce that /\” ! T*P @ T*P has the Leibniz
algebroid structure with the anchor p (w, @) = I1(w) and the bracket

[(w, @), (u, W] = (Lne)pr — tr dw, Lrw i =t dw).
A Nambu-Poisson structure with singularity can be regarded as a Nambu-Dirac structure
without singularity. For example, consider a singular Nambu—Poisson structure on P = R”*!

1 0 Bl
= A A ——
Xp+1 0X 0x,
which is singular at x,,; = 0. Let L be a subbundle of 7; spanned by
0 . —_ — —
<§,(—1)p’xl,+l dx /\~--dx,~-~-/\dx,,>, O,dxy A---dx;...dxj--- Ndxp)
where 1 < i, j < p. Then L+ is spanned by
3 d 3 ,
— A — e A —, —1i-! dx; |, 0,d
(3)61 9x; 8xp (=D Xp+1 AX ) ( xp+l)

where 1 < i < p, thus L is a Nambu-Dirac structure of order p; the integrability of L is easily
checked. L is smoothly defined on all R?*!. The leaves are planes x,,; = constant, and the
induced p-forms are given by 2 = xp, 1 dx; A -+ Adx),.

4.3. Nambu—Jacobi structures at regular points

A Nambu-Jacobi structure of order p > 3 on a manifold P is a pair of a p-vector and a
(p — D)-vector (I1, E) satisfying

Lnayg, nI1 =0 (15)
Leaf, nE =0 (16)
Le@s,»=0 (17
Ly, nE = (=D TI(d(Edfpr-1))) (18)
for any functions fi, ..., f,—1, where d f,_| represents df| A --- Adf,_1 [14]. We give an

equivalent condition using theorem 2.2:

Proposition 4.1. For p > 3 for which we assume E is decomposable when p = 3, a p-vector
IT and a (p — 1)-vector E define a Nambu—Jacobi structure if and only if

LIl = (=P (I(da)) TT (19)
LepE = (=" (EUB) E (20)
LepIl=(—DP(E@p) T (21)
LiwE = (D (Tda)) E + (=P~ TI(d(E(a))) (22)

for any (p — 1)-form o and (p — 2)-form B.
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Proof. By theorem 2.2, (15) and (16) are equivalent to (19) and (20) respectively. We shall
show the rest. By an argument similar to that in theorem 2.2, we only have to prove the
proposition at a point where IT # 0. Since (4 IT = E and I1(d6) = O for some one-form 6, we
have

LppT = (—DPI1EEO A BT
= (=DP(I1@O Adp) T
= (-)P""(E@p) 1,
LrwE = L ((T1(0))
= (LnwIDO + II(Lnw?)
= (LnwIDO + I(dirw)f + tnwd?)
= (=P (I(de)) T1(9) + (—DP ' TI(d(E())) + [1(dO(TT()))
= (—D)?(M(de)) TI(®) + (—1)P ' TI(d(E())).

The associated foliation of a Nambu—Jacobi manifold is as follows:

Theorem 4.2 ([9]). Let (P, I1, E) be a Nambu—Jacobi manifold of order p > 3. Then P has
the associated foliation such that

(i) if I1(x) # O, the leaf through x is a p-dimensional manifold endowed with the Nambu—
Poisson structure of order p coming from T1,

(ii) if TI(x) = 0 and E # O, the leaf through x is a (p — 1)-dimensional manifold,
(a) if p > 3 then the induced structure is the Nambu—Poisson structure of order p — 1
coming from E,
(b) if p = 3 then the induced structure is a symplectic structure coming from the Poisson
structure E,

(iii) if I1(x) = 0 and E = O, the leaf is the point x and the induced structure is trivial.

Now, we shall see that locally, around a regular point, a Nambu—Jacobi structure of order
p = 3 is actually a Nambu-Dirac structure of order p — 1. Suppose that (P, I1, E) is a
Nambu—Jacobi manifold of order p > 3. Let us denote the characteristic distributions of I1
and E by Dp and Dg respectively. From regularity, it follows that there exists a non-zero
vector field v such that Dy = spanv @ Dg. Let

p—2 p—2 p—3
L = (E(/\Annv), /\Annv) @ (0, span v* A <Ann /\ DE>> ® (span v, 0).

Then

p—3
Lt = (E(Annv), Annv) & <spanvA (/\DE>,O>

and it follows that L is a strong Nambu-Dirac structure of order p — 1. Indeed, since
dim Ann Dy = n — p + 1, we may take coordinates xy, ..., x, such that
0 0 d d a 0

M= —A---A A , E=—A---A v =
dxq 0xp_1  0x, dxq 0x,_1 ax,
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locally. L and L+ are spanned by

(Xgl---xx-,,,z’dxi' A ndxg ), 0, dx, Adxj, A--- Adx) ), (v, 0)
and
0 d 0
(XE, dx;) A=A A ,0
/ 0x,  0xg 0xk,_,
respectively, where 1 < iy,...,i,0 <n—1, (ji,..., jp-3) g_ 1,...,p—1,1<i<n-1

and (kq,...,k,—3) C (1,..., p—1). The induced foliation is generated by D, that is, the
same foliation as that of theorem 4.2. Thus the leaf through a regular point is p-dimensional,
while the induced structure 2 is a (p — 1)-form. Furthermore, ker 2 is spanned by v and
the quotient P/® where & is the characteristic foliation of €2 has a Nambu—Poisson bracket
originating from E. This is isomorphic to that of admissible functions

Adm(P) = {f € C®(P)|df € Annv}.
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